Caracterización del caos e hipercaos en sistemas magnéticos clásicos by Pérez-Fuentes, L. (Laura) & Mancini-Maza, H. L.  (Hector Luis)
      	 
  
  




!"#$" %&'()" *+$(, -#().(/

F a c u l t a d d e C i e n c i a s
Caracterización del caos e hipercaos en sistemas magnéticos
clásicos
Memoria presentada por Da. Laura Milena Pérez Fuentes para aspirar al grado de
Doctora por la Universidad de Navarra
El presente trabajo ha sido realizado bajo mi dirección en el Programa de Doctorado en
Sistemas Complejos y autorizo que sea presentado ante el Tribunal que lo ha de juzgar.
Pamplona, 29 de Enero de 2016






 .!'.* -4 0** .8* ,.*4('(0 '! 040*.< .*> .>	0*.(!(!< ,*. /4
.( ,*7*< ,*. *(. ( '! 7 ,*. /4 (*.' ,!(!>    (/)* (* /*&* &!*(/
'!/</!(*0'!(5!>
 .8*0**/&*/.*/*./<4(!*(.!*/7*',).*/&,.0'(0*"/!7




/*( &&/ B< ./!&C< .*> .> ( .. B< /,)C< .*> .> 0.&!(* .8/1
B< *&!5!C< .> 5! ..@&*(/* B< /,)C 7 ( (/ B<  !&C ,*. &/
6&(0/ *&*.!*(/ -4  '*/ 0(!* ( !.(0/ ,.*&'/  !(5/1!+(> /
!/4/!*(/!(2/ (/!*4(,*.0('!*.'!+(>
 
 '/< -4!/!. .. & .*> .> 	.& &!(. & 
(/1040* 6 &(% 

(5/1!+( ( *&"'.*/ B!(8< &'(!C ,*. 0*/ /4/ (/)(8/ 7 ,*.  .'* &
*,*.04(!  0.$. ( & 
@< *( ,.0  & !(5/1!+(  & 0/!/ 4 .&!8>
'!(.8*/4/,*/!%0*.!&!(.,*./.4('!!(*(!!*(&>
 !(&'(0<.8*'!/-4.!*//,*/* !$*<5!.*87!*&/.*8<,*./4















































     !  
!%   $   	   ! $ 
$
,+ & $  ''
,  !$+        ! 	    
!$ + $ ,
  $       $    "$+    "$   $ , 
       '   !      
 ,$!(&    !,
   $     	      
	
!    ,     $ 
%   !
  $   '  !    !,       
$ $ 
  	    ! 	+ ' $ 
$ , $ $'  % ,	+ $
!$$"$$!& ,
   $  
	$"$% 




   $  ' $   $   $  	   "$   
$& ,  +  (        
  





  # 	













  &'#'+!& '%!+ !&! #'!&&!& (&!3&&% + &







  (&!& '% #!&'+!&!%&# /&+&'!&!(-!&3/&!%
#%)+& %&  !- '!4 ! &+ ' ' &' +  ' ' %! ! ! 
!&  " !& '%!& 8<95   #%& &#&   (&! &! &'+ & +%0& 
'%" !%#+&" $++ !'!%&!%!'%!5&'+ #!+/(-!/-%&!
&3! '!-.&' ,(#& " !&$+ -&(%5 &%'! (&!
(  +  !%  #+% ' + (!3 +&  & #%!#& #+  &% .#&
& ' ! && ' 8<95 
!& +&'% %% $+   &' '&& &!! & &'+% 
&&'&$+#+ &%&%'!&#!%'!%&5 
  &'!%   (&! & +/  (+3 & %! '    (+ % /  5 
/ -%&$++ #&'!% !	 &+ !#&#!%  0! 	 & &
	 !%&&!%"$+!&-!&&+&0#'!&&%% %!&!%+ 5
&' (#!  %! & " &#+&5 !& #%%!& %&'%!& &!% &%#! & 
'%& (!&&! %!%?;;55&!%&#%!#& (&#%&
%%'%% '+%6=>7#!%"&!!& !&/%!&5&%,+& &! #% &! 




)* INHH /.!0* ,*. !&&!' !&.0? -4!( . & '!* ,./*(&  & !( &!/0   9
*(0',*.(*  &!&*? / & 4&'!(!+(  /  8,.!'(0*/ *( !'(/ 9
&0.!!?(&4&/'4/0.-4&!../4(!'(?9-4/0.&'*16*,*.&4&
&/ .5$4&/ ,4(0( & (*.0 CJDA  ( (&0.. ( & )* IOLM *7!( 
(! 0? /4. &
,.*/*,.,.*4!..*'(1:*?*(&*4&,.*4&*/,.!'.*/!'(/.1!&/?-4
*(.0.*'.!&4.*(6(!*/*0.*/!(3<*/9(6(0/A
 & /!* (/ (/  .!/1( ./0? '*/0.+ -4 4( *..!(0 &0.! ,.*4 4(




4(! &/ 0*."/&0.*'(1/?(*4(6!/!+(&*&&&0.*'(1/'*&/!* CKDA
!(*4(/&0*(& !/0*.! /0/,4/&*/!(!!*/&.!+(&0*."4(1?(
& )*IQJM 4 !(0.*4!* & *(,0*  *'*&

 	 4(
,.24&4(1? /!(*/04((46,.*,! &'0.! CLDA*.'&'(0&/,"(/
(*0 ,*. & &0. A /0 (46* *(,0*? .,*.0* !(!!&'(0 ,*. &,  
.*(!? *.
 &(%9'4&*4/'!0?64&6.6*&4!*(.&/!9-4 /0-4&(0*(//*&*/
*(*"( &/ ,.*,!/ '/ 9  .A &   *  0(. 4( (5'.* 4(1* !!*(&
94*(0(.,.*4('(0*'*/*',*.0(&*/*(/1049(0/&'0.!?0(0*/"
-4  *9 /'*/ -4 & '0.! / ,4 &/!. ( */ .(/ .4,*/ ? -4 /*(
,.24&/ *(/,"((0.*@ 9 	 -4 /*(,.24&/ *(/,"( /'!(0.*? 0&-4 &&/
4',&(*(!.(0//0"/1/?./,16'(0CLDA&,.!'.!(0(0*0+.!*,*.(0(.&
0* & /,"( ( & !('!  &*/ &0.*(/ 4   * ,*. *&( 4&!? .* 4(






&-(%-'/'/#'6&-0%) !)( 8()/#'( -1'!#/#'
 #6 #! ( '!( /!! ( %#' -)-#!( -!*(  #(  %#(
)'# !*#(>D?8#(-()'# !)'(# ' !)&-(%#()-#0()!
 #!#%##( !*#(6 (!  '# !#  # /! 0%' !) '%'#- &- #
# %'-8  !  (# (#6 -! )' !*# () # %-()# %#' .*%(  )# #(6
#!(#' !'-%#!( (
1# %#!!) ! #(#!#
# #8 	 '$!!)' ('%$! '#($%1  '#($%()
%#' 6 #! ( #!# # # !*2$!6  (  /#- !   '$! 1  
( ## !#)%'# ##/#'(%'#8	-'B8B -()'-!(&- -! #!#;
# !#  !*#6 #! (  %  # &-  #*/#  )# #( !' -!
 !*2$!*/! )' !*#8
 #!*!-!# #!  ()#'6 -! /2 &- ( !)!$  #!%)#  (%!6 (  %2$ 
()-' # # !)').! !)' #(8 !  ( # "# BGCF6'!'(!' 1 - 8
8
'6! #'  !%!!)6(''#'#!  !)'$! !)' #!)'#()'#!(
(%'#(-!#()!'*/ !)%'$0 #( >E?8()#(%-'! ( #)# ##
#!6 # # !)' #( )# #( # #!(8 	 !)'$!  !)' # ( -! !) 1 ('
-! %')  #( %'#(#(  !*#(6  (  )!'  !()#!( !  &- 8 
 ##!# !#$#%'#%-()#%#' #(!+#(6#!### #					6
%'#(#%'#'((%!<B6C=*!-! )#!!##' >B?7
             <B8C=
#!  (  !)'  !)' #8(%-( () ##6 ( ! (''## .*%(
!'2#!(-$!<B8C=%'!)!''!)((( !*(#( )'(8
g = 2
m = μ V
•
 H = J12 S1 S2,
4
"# *  +)+%  %)" !* *0'%##% (0 #% *%# %')%)*  *'#9 *#%
"%"#+%*#0!)*!*%*>B9F?:#"0%**%*!%)#0#,%!"#,*"%*')
0#% * +)+  3'!) !%* +%* "#,%*  !%* *&!%*  "#*%#* *'!*
"4%)*%!%)#!%*")&"+)%*>G?:
 	%)%+)')+94*0#'0#+%2*++#%!&%9#!*!%**0&2#5#%#!










"#+ #+* "#,*9 (0 *"'!"#+ *%# 0# # '!*, %# 0# "+)!
"#,5%:*+%) !)&#"#,*'%)* #+)*#+94* )! !+%)
*++**(0!%#2*,0'%)**%!%*!%*>BA?:
 # !* 0!,"* * *  *))%!!% # %)" 3'!%*2 ! ##%;#9 (0 * !
*+0%% +%*%#*!**'!*##%"+)%* <BA;H"=9#!"#%*!0#)&#
*'!:#!*)+)*,*0#"#+!*!*##%;*+)0+0)**(0!)5&##+)!





0%* *%# *0*'#*%#*  ##%')-0!* "#,* # 0# !(0% #% %#0+%) -'"#+
+*%0 >BD?: %* ))%0%* #%)"!"#+#%')*#+# *"#,#0*#
"'% 3+)#% '!%: * '!%#* *%# "1!,'!*9 * 0*%* "!+)* *+ "#!*
>BD9 BE?:  *0 259 !* "%!0!* "#,* *%# **+"* # !%* (0 * '0 %+#)
5

 "$!.!) *$0 #$ $#$"$) ).) 0(($) !#) 2 &$*#!) *#$!%$)6 2 ).
)*.$)*/##!($#*(!$#$"#*$7#!"#*6#$).)*(("(('.0()$#)





$) "*(!) "#+$) &.# )( !)$) )/# ). ()&.)* #* "&$)




"#+$ *%"$6 &$( !$ .! #$ &.# &()#*# "#+3%# )&$#*#7 !"#*$)
"#+$) ,&$))$#&$( "&!$!	!$6$!)".*$7! )"#)*
)$!$ .#$ 2 .# "&$ 1*(#$ &!$6  &)(  '. !$) !"#*$) &$)# "$"#*$
"#+$ *%"$7 .#$ .# "&$ "#+$ )* &()#*6 !$) "*(!) &("#+$)
1#.#"#+3%## !(%#!"&$6)#$&($&$($#!!"&$1*(#$7#
#(! )*$) "*(!) #$ &$)# .# $(#"#*$ "#+$6 2 ).) "$"#*$) "#+$)
)*#)*(.$)#$("!3(#.)#"&$&!$7!*$&("#+$)&$(!$















 # '  $ )$/ / / / /  0 $" $" !'  $ '
"$ $"# #  1  '" 417 # ' #!'  # '$"  " # % # 
"# %#1  "'" 23 '#$"  #  "%/  )# !' #
$#%##$,"1"'"23'#$"#""%$##
$#%##$##"1"'"23'#$"' 
$"# %""%#  # #")!' #$# #$ # '
 $" %"$  $'# '#1 
" (%/  "'" 23 *   # 
""%#$+'%"$/ "$'#$#
#"$## #"1
 $/ # $" !'   !' # ""$#  ' *"
%, # $  " "#  "#  % / + # )"#  #$'" #
"%)$+"#!'#$"#% #$"#/#)"$$"#$"#$#






 #$  $( # #$(    ##$# %#  "1 
  "#$
 ""$( #$ "$0 ( # #" # (# )$ + # ) #


















 *$"( ($"#"$# ###!( (" "#$"#$#7








$$ " #(#+#($##$" 2#
#$#(#0+#(+ #### $"1	" /(#
##(#%#/$$ "##")%)# %)/# "
 (  "&(  #$"  (*   "#  (   *$"  "   
#$" 3::41
(#%# "( "&(#$" "$#"$#
   "# $  # #  #$"  #  ( $""  # ""# 3:;2:<41
##/(($"$$#"# $2($%)# %)
(  "&( %  #$"  (*  (   % "("$
 ",(" "$""3:=4/+(%($"(#$(
#"# "$("#$%( #$ ", %$
($",""3:>41#####$(#("###
# # $#/ $" # "# #$ #$#1   # ",
"("/# ("()"#)##$2($(($
 (   %)1  #$( #" #$# (#2 "# (# $" 
 "$("#((" "$""3:?41
#  #  %#  # ( $   #$$ $"# $$ # 
 ($  )#$ $"  * "$ 39@41   # # # $"#$# 
##$#  # #   3:@2;;41   "$$ %  ##$# # 2










	4%& "#)"$) )& "$&$ % 
 %  )$$2 % %  + ) $  %%&    %   % % &%&
$%) )$& '" % %&$.& $%%&$$%."/&$
+ ) % & && $&% 9@>:4 % *2 %& %   % " %    #) %)%
 
 2   #) % #) % &$.& $%   %"   %%   %  
%)+%2% )$+%$$%3"$ %. $ "&%7 )")$!%" 
%% &8 9@<:4 
%"&   #)  %%& % &$%&2 % $$  #) ) )$/
& $ %& "$%&4 )  %    % & %2 % $ % ' ) %%& 
) % $%  6% %& %'%2 " $   $  )$   %    %
%)"$ 9@?:4 $&% &% % )'/ "$  $&$/!   %2 &%   
&$% $%   )$$  5.  +&2 $%  )$ %2 % %  	 $2
$%%% &$% %2"%$)$$%2) %$&% $$ %%




9@<6@A:4%&)' &  %% ")& +$
 %   % % &%& $%4  %  $& % %$& % "$ )$  %
-" &%.") +&$  .  $ $%%  %%)% %9@@:4% %
 %& %  $& %2 %    %&) % "$&$ % +$  %)&&  %
"$&$ % $%$ %$&%$%)%%&4%$"!$
% $%&&!" %") &$$$$9@A:4
%&!  %2#)%&$%+$%& %%$%2)%)$& " $
,$ $/=CB?%&) "$ %) %2%"& +!)
"  )  &  %  "$& $ $ 9?C:4 ) ) &$  " $  . #)  $! 
"$ %)")& +%&&!$ 2.  "&! %) %)$%4+
 %%&  ) %   $/ % $)$ % ) %  $+% "$%  
$  .  &$%$   $  )  )&   &$% ) % $%
14
$("()9 
) - ) " -"* )   *(")%"   )*$ $"-+/$6   $"/+/$
)*$"($7 1 &$)*($(!"* $*( *(")%" ) $ )*$  -"$ $"/+/$ &(%$9
!)6  "$"*(( )* ))*!  -$")6 !"* )!- $") "-!()  $($
"$"*((-"$(""*($ &($6"$-"!&(-((" !0!$ $ 
 -"   ) $!&$""*)9   *($  
$("2 "$ *-/$ !&*$ &$( ) &$( -" 6 )"











 $())$( )""*)*$( $))&-""$"*((" )((")>EG;EH?9
*-"$"$)"-/!"*"))*!)!"+$)6(!(!$)'-!. +& )0&(!"*$)'-
!-)*("&-*)%+)")$(&$(*$) >EI;FB?9&!"*  )!-)*()!"+))$"
)()  	 <
= >EI?9     &" !"$"( '- !"*   -)$    
*"   ()$"" (($!"+6 ("*) (-*)   $) ) " "$"*($ * ) $!$
))-& %" &($$6(-*)-)&(%)61"!"*(!*"*9$( $*"*$6
)")*-")(&%"*%(" -1"$(!)) )($")%+)1&-
x = p(x  y), y = r  z( ) x  y, z = xy  bz
15
"'	 !  (!    !	 
	0  !%  !     	   %	 	#%	
	"		 !	 		 	" !"	 %
		   !  %  4<:1<>50 !!-   	  %  !% %
(	% "' 		 1 	 (! )	%'4<<1<=50 %!	
 	 	!	 0 !!(!  !%		
  	 
	 	"	.  	"%	   !	 % 	   	  	  "
 !%!%	 "	4<?50  %!	  
 !	 (	!%0
	!   % !		 !	 % 	    
 	 %	 	
'	  !	!   -
  	%   	) 	  (!   !  4<@1=950  ! 	
  !	 	!  !		  ' "	 %    !	   !	 !  . %*	 
  !  %!	  	!% %	!)- "'	!0

  %  !		#%	 	"	 -	 %%			#%	% 
 !		  % 10    	
  % 	   !
 		  	  
	&		"0! -	'%!	  !	 %	!!		-)
%   		  	 %	  		%1 !*. 	 %	 		 		 	#%	   %
 		4:>-;85/
      2:093
   !	 !	"  	 	#%	 - !	 % . )
     	! 	"- %) '	 %   	(		!
0%- !		"'		#%	 0 !	
 	   !    !  	"  )  	  (! -   
dMi
dt
=   Mi Heffi  
i 
Mi
Mi  Mi Heffi( )+Ti ,
Mi =Mi t( ) i  i = 1,…,N( )

 =  e μ0  2.21 105 mA1 s1 Heffi i
16
/ !!! & (!&!/  
"  !&" $" !," !&!&" 
!&" &&"!/!"!! 
!"&!!!/"!& ,"&" !!"!
'&' 0!#'/  " &  !" "   &    ! !
& !#! 38<4/  
 !$!  "! !     760:   7609  
 "!,7608) !",&, )3994-) 760:&!
#!3;84/ &#,   !""!!" !" &!!  $& &!





!&  &18/72/	! &"!  !"
 !!&!#&.
          18/82
"!! 1 ""! 2 &"#!
! ',)&
         18/92
!"!& !""" !",)&!"!!!1 2,!!"
  &! #   !" !,    & & !  ! "   & !!" 

		 ' ! &'"/ !,    &  !!" ! 80!
& !&!'" !&   !"  " !  !  
Heff
i = Heff
i M1,…,MN ,Hext t( )( )
 i{ }






















   

! ! 
!    !"  
1 	  " 
 









! ! & &"  (!"
 &  "  !"

 
 !&* '#/ *
























     "













































         37194




! ! ! (




     371:4
	   "
".  !"
  
 *   & & ! ! (



































	 =  Mi  M
i 
Mi


















    %

 
 '   
   %  /
 
























































































 /5-90  
 
 $
  %   
  







































 Mxi ,Myi ,Mzi( ) ,
k = x, y, z( )   i,i,i( )  i,i,i( )
Mi = f Mz
i( )cos i , f Mzi( )sin i ,Mzi( )
f Mz















I N  N  H = H w( )
w w
19
("#)%# ($*#$"0, "  "$"
 " #"###$2 #*" "#(#4;2=5,4;2>5+#$(
+ $"# $"   	( ,   $2 #$ #  # 
#$""""6=>72
  #"* "0    	(0  "$ ( (* " 
*#% $$ #  (%2 $"	( (
 ""   ( #  #  $""  )"#  "#  *"# # 6=<72 
 " $"#$   ($  *#$ #$"$0 ( "-"  " #  #
"$#








   !(  #"    #  #  4,(,  $ 
% $"50# " (#$)% #"#"" "$(3#$-2
##$#( ""$## #6;?0>:72(
(3#$-3"$45#$ "1
      4;2?5
  # # #$$#  "$2  (  0 #$ # "  " (
#   "*$((# % ,6;?72#$$"+$" #
( "*  "# $  %    %-0  "  (  !(   ""
"## !("2 











 G ,Gi( )
20
  %   !  !% (!, ,  %     %'!  
%    !     !  ) !  ! - 
  ! ,
%"% %%!'!  %.4-3/ -%
 "
    .3-6/
%
       .3-21/
 "%
     .3-22/
   %    %  %    '-   ! .3-22/  .3-5/
! !%
     .3-23/
    %  !!  "' -  "  , 
! %.3-2/ '% !,#%
- 	     %'  !       )
 %! %%%'!#%-
 %  "% !! %!  #% )%
%  !! !   #%-    #%  "  .   !! 






=   G Mi  Mi Heffi( ) + G
i
Mi








Mi Mi  dM
i
dt




















=   G Mi Heffi  G
i  G
Mi
Mi  Mi Heffi( ),
 i = 1+ Gi( )2 Mi  G =  Gi =  i
1  i   i   G  i














   5<3;>6
%$")) #5<3;>6&$%#$+%#$#$!%) 
 3  $ )$ $%)#- %%%#%0) !!#)%# *%#
 , %#!#)%$# 3 )0 !% $!#!$
$%#)$$%!#&)#$!))$$ 3
  ") $  )& $ !$ %# $ !##$ !#!$ 
) $#*&*5<3?60$&$%%$#)$$$$##%1
,")!#$!#$%)+$%%#")$")$!$$$##)
! &*3  !#+$ $$$0 $  # %# %#$ $!&*$
7A;4A@83  0 $  #*  # +!%  )  5<3;6 7A;83 	%#$ $)$$
#) $$$$$%%%#5##*#$6$!%
M = 1( )





=   G Mi  Mi Heffi( ) + G
i
Mi









1+ Gi( )2 Mi( ) dMidt =   G Mi Heffi 
Gi  G
Mi













Mi Ti( ) Mi Ti( )
Ti  0
22
#(/* #("#(=FA7FF:FG>7!# (0#'!#&.	!.:	()39!) !)7
)!)#(%.!)#0()1%' !)# #)$'#(!#!)'#&. (%$!!#:
# =FH> ! !!#: )'( #!  )'#(  A@@ !  %'#1  !) =G@>9  .' #(
' '' ! !) &. () )$%# (. ')#   (.($! !+7 2 ( ' '!# 




   %# *0#  .! (()  !*# ! !' ( '0#  .! .!#! &.
)# !.!)#( %#(1)'!#(# #(.03(!)'#!(!)'(%'+.(9()
.!#! # !#)' #( %#' 9 #!(.!) !)7   %# 1)'!# ( %. !)'#.' 
)'0(		7 !)'(&.(!)'#!(+%(!)'%'+.(%.!
('		#	=A7F7H7B@7GA:GE>9#'  !)1()!)'(*%#(%'# !!)(
 !)'#!( !)' # %'  #!#:# !#(  !*#(7   ##  (!'7  
 ##.' !:-:(.2:#(;<=GA:GC>7 ##32#(!(2:
#'2=GD:GE>9
()#( )'(  ##( (#! .!*#(7 (!  '# ( .(! %'  #'  !0  '#($%#9 
 ##(!'( (.(#2%#' #!'(.(%' !)'#!( #(%' '#(2




%'' ')#( 0!#( 2#'!)#!(9  (#  !' %#' ( '#($%7 2 (.!
!)'$!'#!&. 3)##(#(0!#(=A>9 (7%' #'# )'




.!#!( !#:!(    !*3$! &.  #'! ( # ;2  ( # .!(< (#! #' (
.'*(7 (!  '# ')#(  )'( %#(! !(#)'#%(   2#' #'! =H7B@>9
 H
23
  ""#  #!#! "   ' #! + '#2#! " "
!##"1	!##/''!'"!"!#!0
 3:19=4
 " *#!/  ##!,"#!!%'  '
#  #  )#! #!"'"#  1 " "##"  " "  "
"##"#!#!!%'+!%'1"#!!"#




#! !   ' 3:19?4/  # ' )#! '#!   !




 #!1 "/ "'!"  ' " "#!" "# !!"#" ! #!" "
!"5A6/!'!"#!"!'0
/        3:19>4
H =  Mi Hext +Mi 
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Hext = Hext i{ },t( )
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i  heffi  mi  mi  heffi( ),




i  heffi  Gmi  mi  heffi( ),





i  heffi   imi  mi  heffi( )+Gi ,
 i{ } Gi
MS
MS[Co] 1.42106 A /m MS[Ni ]  4.8105 A /m
Mn12 MS[Mn12 ]  4.77104 A /m
 MS[Co]  308GHz  MS[Ni ] 106GHz
 MS[Mn12 ] 10.5GHz  = 1( )
ts[Co] = 1/  MS[Co]( )  3.2 ps, ts[Ni ] = 1/  MS[Ni ]( )  9.4 ps,
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ts[Mn12 ] = 1/  MS[Mn12 ]( )  95.2 ps,
Ti = 0
mi = cos i sin i ,sin i sin i ,cos i( )T
 i =  i t( )  i =  i t( )
d i
dt










+ sin i d
i
dt
= H i ,
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H mi ,t( )= H  i , i ,t( )
 i = 0
cos i , i( )
dMi dt = 0
  G Mi Heffi +Ti = 0.
Ti  0
Mi Heffi = 0,
Mi = Ms
i
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M =Q0 exp t( )







nˆ T = 0
 = 0
heff = hext +  m  nˆ( )nˆ,

dm
d =  m hext +  m  nˆ( )m nˆ( ).
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d = mx  hx( )mz ,
dmz
d = hxmy .
m0, a(± ) = ±xˆ
m0, b = pxˆ ± 1 p2 zˆ p = hx 
m0, a(+ ) hx 1 hx 1
m ( )
m0, b




d = ± 1 p  X cosu( )
2  Y sinu( )2 ,
 = Y X
30
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 = ± 1
dz
1 p  X cos z( )2  Y sin z( )2u0
u
 .
q = cos z
I = dq




1 q2( ) A + q( ) B + q( ) ,
a = 1 p2 Y 2 b = 2pX c = Y 2  X 2 c > 0
F  ( )
I = 2
c A +1( ) 1 B( ) F sin
1 A +1( ) B + q( )





A 1( ) B +1( )








hx  = 1 hx  = 5 8
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N +1( )N









% #%"(! =IA:IF>7 +!4 #% %'%0%  #%!& &' % &   / 
&+!/!%;<&!!&#!&(-!&4&% 7
 &4&+!+'.#7=DE>4&+(0+#%!&!%&!+"
 0!! '%(-! #% -&(% &  !!  #    %&#'! 
-%!&+/#$+ &!&#%'%!&&&'7&''&+(0%'#%
&'+!&&'&!&$+!(&&"(&!#&/'!#!!%!'%
'%&'&4#!%#!4 &+%-&! &%& &&&'&!&!&#%"&
!-0/!%#%!&++!%&&'(=DE>7
 #%'  &''!!4 .&' !'%!& !%&  "!% !& %'& &'!&
!&  + &&'4 ' !!  &#'%!  !+%%4 &!&  
!%4 +!& 
!%%"4#&  %+%%4 ! %&  +%"4 '% !'%!& =BI4CA4CB4EB:EG>7 
&&!&+!'%&!%%#!+%%;<!'#!% 7 !&
++"!#& &#!%+& 4#%!+!+
!+'!#%& 7!&'& +!#++%&+&#'%!#!'4 4
/ !'%  ,%!&  #!&4 4  !%%&#!'&   %+7 &' ,%! & +
!&!!&!&"&&'7 !&+''4+!&&'.+
!#!%''!  #%"! #% + +%! '!  #!&5'%& $+ #% %&
"(!&4&#'%!!+%%)#'&!&%-+%(,&#&4!&+&
!%!!+89#+'!&=BI4DB>7+!'%&!%%#!+%%&
!#+'! &#+&  + (#! '%&'!%! &+'' %! #% !'%  &'!
#%'&&'4/'!!!&%"!.#+&'!&%%&=IG:IH>7
 	'%! '!! +&+ #% (% !& %'& %& & ' %& 
+%"7.&',(#&'!!&!#+'!!&4!&!&&!+&&!6;<!'%
1  2 > 0
S f( )
f = f1,..., fP( )
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heff = hext +  a qˆa m( )qˆa
a=1
3 ,
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m =M /MS MS
 x , y , z( ) xˆ, yˆ, zˆ( )
hext = h0 + hT sin ( ),
h0  zˆ( ) hT  zˆ( ) 
t  =  MSt
h0 T( ) = H0 T( ) /MS  = /  MS( )
MS  MS
104 105 A /m
102 GHz
 a
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 x  0, y  0,  3 = 0
 = 
 dmx
d = hzmy +  y  z( )mymz + hymz sin   hymxmy  hx my
2 +mz
2( )( )sin
mx  y  x( )my2 + hz +  z  x( )mz( )mz( ),
 dmy
d = hzmx  hxmz sin   x  z( )mxmz + hy mx
2 +mz
2( )sin
my hxmx sin  +  x  y( )mx2 +mz hz +  z  y( )mz( )( ),
 dmz
d =  x  y( )mxmy + hxmy  hymx( )sin +  hz +mz z( ) mx
2 +my
2( )
mz  xmx2 + ymy2 + hxmx + hymy( )sin( ),
d
d = ,
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    ,1+3-
 0
 = hx = hy = 0
dmx
d = hzmy +  y  z( )mymz ,
dmy
d = hzmx   x  z( )mxmz ,
dmz
d =  x  y( )mxmy .
m = ±zˆ
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 z  x( )mx2 +  z  y( )my2  2G + z( )( ),
G mx ,my( )
u mx ,my( ) = X cosu,Y sinu( )
du
d = A + Bmz (u),
A = Xhz /Y B = X( z  x ) /Y u
du
d = a + bsin
2 u + ccos2 u,
a = X(hz  ( z  x )(2G + z ) / (2hz )) /Y b = ( z  x )2 X 3 / (2Yhz )
c = ( z  x )( z  y )XY / (2hz )
u( ) = tan1 a + b
a + c
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hx hy  z = 0
 x = y = 1
hT
hT
 x =  y = 1
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hz  3( ) hx
 z  x
 y = 0  y = 2.5  = 1.0 hx = 2.45 hy = 2.45 hz = 0.1  = 0.05
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 z = 0.17 x2 +1.32 x + 3.5  x < 0
 x  y  z = 1.0
 y = x  y(x )
 x2 + y2 = 3.72
 y = 0.0625 x2 + 0.525 x + 3.3  x  0.5
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mz ,my( ) 2 /
mz S f( )  y(x ) = (3.5,0.3,0.95,3.27,4.95)
m
50
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S f( )  y(x ) 3.5,0.3,0.95,3.27
4.95 3.5 0.3
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Mi i = 1,2( ) Heffi
Heff
i = Hext + i Mi  nˆi( )nˆi + JMk ,




J < 0 J > 0( )
M1 = M2 = MS
nˆ1 = nˆ2 = nˆ nˆ = zˆ Hext
n
Hext = Hxxˆ
mi =Mi /MS  = t  MS
dmi
d = m
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k  imyi( ) Jmyimzk




i + J mx
i mz
k mxkmzi( )+ imxi mzi




i + J my
imx
k mximyk( )
+ imzi mxi( )2 + myi( )2( )+ J mzk mxi( )2 + myi( )2( )mzi mxi mxk +myimyk( )( ) hxmxi mzi  .
56
	$#+")$$)$$$)$5=3<645=3>6$)$)%#
$!&+ ") & $ 4$ )#&$ - *$3 $ %#$ )#&$ $




         5=3?6
#")$)$%!$!#%#$%#7=:1=;83
 
# %# !#%1 ##$ ")  $$% & !#  $ $ $%%$ 
+%5$$ )$+)$ 63)%$%$#$%#$
$$%$ &+$!$$)%#3$1%")) 1




 $)$   $)$)$$3 
##% %#$ $#  % )# 




  $$%  $#% !#  )$ 5=3<645=3>6  $ !) #$+#
&%!#%$$$1$%$!%-4$3
#%%1
$  #$+# )#%3 $  !)%  +$% )#1  %#   $%$
)$$#.)&.)%$%#%# )4)()#%#
7=;83  !$  &! )&. $  1 ") #&. ) !#$   ;:4@  
m1,m2{ } = ±xˆ,±xˆ{ },
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m1 = m2 = 1
 = 0
1 = 2 = 0 L =m1 +m2
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 j  0
J = 0
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d = hx + J( )my
j +  hx + J   j( )mzj  Jmyk + Jmzk ,
 ma,bn( ) n > 2
(hx + J ) hx  J + 1 J J
hx + J (hx  J + 1) J J
J J (hx + J ) hx  J + 2








 4 + a3 3 + a2 2 + a1 2 + a0 = 0,
aj
a3 =  4 hx + J( ) ( ),
a2 = 2hx
2 + 4J  ( ) hx + J( ),
a1 =  4hx3 + 3hx2 4J  ( )+ 2hx 4J 2  3J +( ) 2J J ( )( ),
a0 = hx hx + 2J( ) hx2 + hx 2J  ( ) J +( ),
 = 1 + 2  = 12
 = R + ı I =  + ı  
 c  ,
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mx2 1 = 2
2 =
a tanh b1 + c( ) 1 (2.0,0)




mx1 mx2  a,b,c( ) = 0.3845,1.3477,0.0442( )  
mz1 = mz2 = 1( )
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i = Hext + i Mi  nˆi( )nˆi + d3 3 Mk  rˆ( ) rˆ Mk( ),











hext = h0 + hT sin ( ),
h0  zˆ( ) hT  zˆ( )  t 

















































































d = hz my
i + mximzi( )+ hy mzi mximyi( )+ hx myi( )2 + mzi( )2( )( )sin
            + d3 mz
k + mykmxi( )myi  myi + d3 myk  mzkmxi( )( )mzi
            + 2 d3mxk myi( )2   mxi  2d3mxk( ) mzi( )2 ,
dmy
i
d = hz mx
i  myimzi( ) hx mzi + mximyi( )  hy mzi( )2 + mxi( )2( )( )sin
              myi + d3myk( ) mzi( )2  d3 mzk + 2mxkmyi( )mxi   d3myk mxi( )2
            + mxi  d3 2mxk  mzkmyi( )( )mzi ,
dmz
i
d = hx my
i  mximzi( ) hy mxi + myimzi( )( )sin




i( )+  mykmyi  2mxkmxi( )mzi( )
            +  mxi( )2 + myi( )2( ) hz + mzi  d3mzk( ),
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2 = 1 mx1 = mx2 = 1







2 = 1 mx1 = mx2 = 1
x d =  0.935
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z =
mz
1  mz1( ) mz2  mz2( )
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 =  1( )  2( ) ,
 j( ) =  j  j  = 0
 1( )  2( ) = 1
z  ( )1 1 > 0
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hx hz |1+ z |< 3%
 = 0.5  = 1  = 0.05 d = 0.8 hy = 1
z hx hz d = 0.8
hx 1.5
hz z
{0 hz  0.2,1 hx 1.5}
{0 hz 1,1.5 hx  2.5}
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